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Application of a Modified Hopfield Network
to the Traveling Salesman Problem

Zbigniew Nagorny

Abstract

This paper presents the results of the application of the modified Hopfield network to the travelling salesman
problem (TSP). A cost function of the TSP consists of four components: two terms which ensure that the
salesman'’s tour is valid, the term which forces neurons to have the output signal equal to 0 or 1, and the total
length of the salesman’s tour. For two 10-city benchmarks the average tour length of obtained solutions is
equal to the optimal tour length. Other works did not report such results using the classical Hopfield network.
For greater numbers of cities, the solution quality is significantly better in comparison with the quality of
results achieved in other works. The method of auto-tuning of the constant in the fourth component of the
cost function is presented. This method ensures very good quality results for randomly generated instances
of the 10-city TSP. The presented network is destined for hardware implementation.
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Introduction

The travelling salesman problem (TSP) is a classical example of a combinatorial
optimization problem, which has proved to be an NP-hard. In the TSP, the objective is to
find the salesman’s tour to visit all the N cities on his list once and only once, returning to
the starting point after travelling the shortest possible distance. Additionally, we assume
that the distance from city i to city j is the same as from city j to city i (Symmetrical TSP). A
tour can be represented as an ordered list of N cities. In this case, for N > 2 there is N!//2N
different tours (the same tour may be started from any city from among N cities and
traversed either clockwise or anti-clockwise). Many methods are used for solving the TSP,
e.g.. the Lin-Kernighan algorithm [14], simulated annealing [8,16,20], genetic algorithms
[13,16], evolutionary algorithms [13,14], tabu search [14,16], ant colony optimization [2].
TSP can be solved using neural networks. A self-organizing neural network [3,5,14] and
the Hopfield network [1,4-7,9-12,16,17,19-22] are able to solve the TSP. The advantages
of using neural networks in hardware implementation are the possibility of parallel
computation within many units working together called neurons and a decrease in
computation time. Unfortunately, the quality of solutions for the TSP found by the network
was worse than that reported in the Hopfield and Tank paper [1,7,21].

This paper presents the results of the application of the modified Hopfield network to the
TSP. A brief description of the Hopfield network for the TSP is presented in Section 2. The
simulation results achieved using the modified Hopfield network are given in Section 3.
The method of auto-tuning of the constant in the fourth component of the TSP cost
function is presented in Section 4. Finally, conclusions are drawn in Section 5.

Modified Hopfield Network for the TSP
The Hopfield network is able to solve optimization problems [6]. Very often the neuron
activation function is given by [4,6,7,10-12,19,21]
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where U is the neuron input signal, V is the output signal, and Uy is a constant.
An energy function E is defined for this network, which is described by [6]
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where X is the number of neurons, w;; is the weight of interconnect between the output of
the neuron j and the input of the neuron i, and |; is the external input signal of the neuron i.
The Hopfield network continuously evolves in time to minimize the energy function [6].

The Hopfield network for the TSP is built of X = NN neurons. The network consists of N
rows, containing N neurons according to Fig. 1. All neurons have two subscripts. The first
one defines the city number and the second one the position of the city in the tour. If a
neuron in the stable state of the network, has the output signal Vy; =1, it means that the
city x should be visited in the stage i of the tour [6].

The cost function of the TSP proposed by Hopfield and Tank is the reason for difficulties in
converging to valid tours [21]. The modified cost function of the TSP consists of four
components: E1, E,, E3, and E4 [1]. E; ensures that all cities should be visited once (in the
stable state of the network, in all rows one neuron has the output signal equal to 1). E;
ensures that the salesman should visit one city in each stage of the tour (in all columns
one neuron has the output signal equal to 1). E3 forces neurons to have the output signal
equal to 0 or 1 or near these values. E4 is equal to the total length of the salesman’s tour.
These components are described by [1,9]
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where A, B, C, D are constants, dyx is the distance between the cities x and x’, subscripts
i+1 and i-1 are defined modulo N, i.e., subscript i+ 1 is equal to i+1 (if i<N) or 1
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(otherwise), subscript i- 1 is equal to i-1 (if i>1) or N (otherwise), &;; is equal to 1 (if
i =1i’) or O (otherwise), similar &y .

Comparing Eq. 2 and the TSP cost function we get equations for weight and external input
signal values

Wxi,xi'="A Oxx "B &ii'tC dxx'dii—D dxx'(éi',i+1+5i ‘,i—1) (7)
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where wyi x i IS the weight of interconnection between the neuron x i and the neuron x'’
and ly; is the external input signal of the neuron x i. The Hopfield network with weights and
external input signals described by Egs. 7-8 can be used for solving the TSP.

The simulation of the Hopfield network can be done with the Euler method [4,7]
N Ut
Uit=ul+at || DaVvi|+hi——1] (9)
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where T is the time constant of the network, At is the time step of the Euler method, and U’
is the input signal of the neuron i in time moment t. A number of trials are performed and
best results chosen.

Simulation Results

Salesman’s tours for 4 benchmarks of the TSP using the modified Hopfield network were
routed. These benchmarks are 10-, 10-, 16-, and 22-city problems. The first benchmark
was used in the Hopfield and Tank paper [6], the second benchmark was used in [10,12].
Fig. 2 presents the position of the cities in the unit square for the first and second
benchmarks. Table 1 contains the coordinates of the cities for these benchmarks [9,21].
The third and fourth benchmarks were the data sets “ulysses16.tsp” and “ulysses22.tsp”
given in the TSP library [18]. Fig. 3 presents the position of the points (cities) on the earth
for the third and fourth benchmarks. The geographical latitude and longitude of the points
are given in the TSP library. A positive latitude means “North”, positive longitude means
“East”, and negative longitude means “West”. The distance between two points is their
distance on the idealized sphere with radius 6378.388 kilometers. The optimal tours for
these benchmarks are also given in the TSP library. In this work the same scaling of city
distances as in [9] was used. After the scaling, the optimal tour lengths were 2.3632 and
2.4128, respectively.

The modified Hopfield network was simulated in software using a program written in C++.
The simulations were performed according to Egs. 1 and 9, they had been put Uy = 0.1,
T=1, and At=0.01. The initial input signals of neurons were independently randomly
chosen in the interval between -0.1Uy and 0.1Uy. The following motivation of settings of
the interval was used. For the neuron activation function according to Eg. 1 and Up = 0.1,
neuron output signals were near 0.5 and none of the neurons was privileged. The random
perturbation £0.1Uy was used in the same way as in other works [6,7]. The neurons were
updated synchronously, i.e., all neuron input and output signals were calculated and
updated at the same time. The termination criterion was that, the network was regarded as
being in a stable state when all [V, -V ;| < 10°. In the stable state all neurons with
Vi = 0.5 were set Vy; = 1, otherwise set V,; = 0. A similar solution was used or reported in
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[7,21]. The neuron weights and external input signals were calculated according to Egs. 7-
8. The constants in Eqgs. 7-8 were set A=5, B =5, and C = 0.5 [15]. The constant D in Eg.
7 was set to a value, for which almost all the solutions were valid, i.e., 90% to 100% of
solutions. The solutions are valid if the components E; and E; in Egs. 3-4 are equal to O.
For all benchmarks 100 trials were performed using the modified Hopfield network.

Table 2 presents the results achieved for each benchmark. Table 2 contains the average
tour length for all the trials, tour length for the best achieved solution, optimal tour length,
ratio of the average tour length to the optimal tour length, and the value of the constant D.
It can be seen in Table 2, for 10-city problems the modified Hopfield network found the
optimal solution with 100% success rate. Other works did not report such results using the
classical Hopfield network. For greater city number problems, the solution quality is
significantly better in comparison with the quality of results achieved using the classical
Hopfield network in other works. For the first benchmark, the Hopfield network gave valid
solutions for 15% [21], 3.75% [7], 36% [10,11] or near 100% [9,12] of trials. The network
found the optimal solution for 0.5% [7], about 6% [9] of trials, did not find this solution [21]
or the optimal solution was obtained [10-12]. The average tour length was about 25%
[10,11], 15% [9] or about 10% to 20% [12] greater than the optimal solution length. For the
second benchmark, the Hopfield network gave valid solutions for 45% [10] or near 100%
[12] of trials, the average tour length was about 16% [10] or about 20% to 25% [12] greater
than the optimal solution length, the optimal solution was not obtained [12]. For the third
and fourth benchmarks, the average tour lengths of solutions obtained by using the
Hopfield network were about 27% and 37% greater than the optimal solution length,
respectively [9]. The optimal tours were not obtained [9]. The best tour lengths were equal
to about 2.5 and 2.8, respectively [9].

It should be noted that a small value of the constant C in comparison with values of
constants A and B in Egs. 7-8 and the threshold equal to 0.5, according to which neurons
are set to 0 or 1 in the stable state of the network, contribute significantly to better results.
Table 3 presents results obtained for the constant C =5 and the threshold equal to 0.9
(such values were used in many other works). The constant D in Eq. 7 was set to a value,
for which almost all the solutions were valid, i.e., 90% to 100% of solutions, as before. It
can be seen in Table 3 that the results for the constant C =5 and the threshold equal to
0.9 are significantly worse than those, presented in Table 2.

In other works similar quality results to those achieved in this work were obtained only as a
consequence of using much more complicated solutions in the Hopfield network [9-11,17].

Simulation Results With Auto-Tuning of the Constant D

In this section results obtained using the modified Hopfield network with auto-tuning of the
constant D are presented. The simulations were performed for 100 10-city problems. For
each problem 100 trials were executed. The coordinates of the cities used in these
simulations were randomly generated in the unit square.

In Section 3 in the network stable state, all neurons with V. >0.5 were set V4 =1,
otherwise set V,; = 0. If none of the neurons which were assigned to city x, had an output
signal equal to 1, the solution was not valid because the position of city x in the tour was
not determined. In this section the following new solutions are used. None of the neuron
output signals is set to 0 or 1. In the stable state of the network, the position of the city is
determined by the neuron which has the greatest output signal from among neurons
assigned to this city. If a neuron of the greatest output signal has an output signal greater
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than 0.6 for each city, the constant D in Eq. 7 should be increased in the next trial.
Otherwise, such a situation is the signal that the network is working on the border line
between valid and invalid solutions. In that case, the constant D should be decreased in
the next trial, otherwise the solution for that trial may be invalid. If the constant D is
increased by a small value, network solutions are valid for almost all trials.

All problems were solved using the modified Hopfield network with auto-tuning of the
constant D, which was simulated in software using a program written in C++. In this
program solutions presented in Section 3 and new solutions described in this section were
used. In simulations the same values of network parameters as in Section 3 were used.
For each trial, the initial input signals of neurons were independently randomly chosen in
the interval between -0.1Uy and 0.1U,. The constants in Egs. 7-8 were set A=5, B =5,
and C = 0.5. The constant D in Eq. 7 was increased or decreased by +0.1 after each trial.
The initial value of the constant D was equal to 2. For each problem the optimal solution
was found using the exhaustive search. For each problem the percentage of valid and
optimal solutions and the average ratio of obtained tour lengths to the optimal tour length
of the problem for all 100 trials were calculated. Table 4 presents the results achieved for
all problems. Table 4 contains: the minimum, maximum, and arithmetic average
percentage of valid solutions for all problems; the minimum, maximum, and average
percentage of optimal solutions for all problems; the minimum and maximum ratio of the
average tour length to the optimal tour length for all 100 trials of the problem, which were
achieved for all problems. Ratios of the average tour length to the optimal tour length for
all problems were arithmetically averaged and this result is also included in Table 4.

Results obtained in this section confirm the very good quality of the modified Hopfield
network solutions for 10-city problems. The tour length for all problem trials is on average
only about 0.8% greater than the optimal tour length. About 99% of all problem trials on
average provided valid solutions. For 10-city problems the modified Hopfield network
found an optimal solution with about 63% success rate on average. It should be noted that
simulations were carried out with auto-tuning of the constant D. None of the network
parameters was tuned for a specific 10-city problem. The constant D was increased or
decreased according to the values of the greatest neuron output signal from among
neurons assigned to each city. The threshold value of these greatest output signals,
according to which the constant D is increased or decreased, can be equal to 0.5 but the
average percentage of valid tours for all problem trials is then a bit smaller and equal to
95.34%. The average percentage of optimal tours is then equal to 64.20% and the ratio of
the average tour length to the optimal tour length for all 100 trials of the problem, which is
additionally averaged for all problems, is equal to 1.0059.

Conclusions

The modified Hopfield network was presented. The aim of this work was to examine the
efficiency of this network for the TSP. The presented network is destined for hardware
implementation, which could significantly decrease computation time in comparison with
programs executed on sequential computers. Generally for 10-city problems the average
tour length of obtained solutions is near the optimal tour length. Other works did not report
such results using the classical Hopfield network. For greater city number problems, the
solution quality is significantly better in comparison with the quality of results achieved
using the classical Hopfield network in other works. The method of auto-tuning of the
constant D in the cost function is presented. It should be noted that, thanks to that, none of
the network parameters is tuned for a specific problem. It is a novel method because in
other works such network parameters were tuned manually and so it is very useful method
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in real-time systems. This method ensures very good quality results for randomly
generated instances of the 10-city TSP. The paper shows there is great potential in the
Hopfield network. The author is working towards elaboration of the method for larger TSP
problems because the main difficulty with such TSP problems is an extremely high number
of network weights.
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Fig. 2 The position of the cities in the unit square for: (a) 1st benchmark; (b) 2nd benchmark
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Fig. 3 The position of the points on the earth for: (a) 3rd benchmark; (b) 4th benchmark

Table 1 The coordinates of the cities for 1st and 2nd benchmarks

Bench. X, Y City
1 2 3 4 5 6 8 9 10

1 X 0.4000 0.2439 0.1707 0.2293 0.5171 0.8732 ®680.8488 0.6683 0.6195
Y 0.4439 0.1463 0.2293 0.7610 0.9414 0.6536 0.521®3609 0.2536 0.2634

2 X 0.06 0.08 0.22 0.30 0.35 0.40 0.50 0.62 0.70 830.
Y 0.70 0.90 0.67 0.20 0.95 0.15 0.75 0.70 0.80 00.2

Table 2 The results for all benchmarks
Bench. Average tour  Best tour length  Optimal tour Average length/ Optimal length Constént
length (Achieved) length

1 2.6907 2.6907 2.6907 1 22

2 2.7818 2.7818 2.7818 1 2.4

3 2.5108 2.3811 2.3632 1.0625 0.9

4 2.6718 2.4522 2.4128 1.1073 0.9
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Table 3 The results for the constant C = 5 and the threshold equal to 0.9

Bench. Average tour  Best tour length  Optimal tour Average length/ Optimal length Constént
length (Achieved) length
1 3.4504 2.7693 2.6907 1.2823 2.2
2 3.7607 2.7818 2.7818 1.3520 18
3 3.3985 2.7978 2.3632 1.4381 2.0
4 3.9334 3.1585 2.4128 1.6302 18
Table 4 The results for all 10-city problems
Valid tours (%) Optimal tours (%) Average length/ Optimal length
Min. Max. Average Min. Max. Average Min. Max. Average
(100-problem (100-problem (100-problem
average) average) average)
82 100 99.10 0 100 63.03 1 1.0537 1.0076
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